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Abstrat
Given a nite sequene of times 0 < t1 < · · · < tN , we onstrut an example of
a smooth solution of the free nonstationnary NavierStokes equations in R
d
, d = 2, 3 ,
suh that: (i) The veloity eld u(x, t) is spatially poorly loalized at the beginning of
the evolution but tends to onentrate until, as the time t approahes t1 , it beomes
well-loalized. (ii) Then u spreads out again after t1 , and suh onentration-diusion
phenomena are later reprodued near the instants t2 , t3 , . . .
1 Introdution
One of the most important questions in mathematial Fluid Mehanis, whih is still far from
being understood, is to know whether a nite energy, and initially smooth, nonstationnary
NavierStokes ow will always remain regular during its evolution, or an beome turbulent
in nite time.
As a rst step toward the understanding of possible blow-up mehanisms, it is interesting
to exhibit examples of smooth and deaying initial data suh that, even if the orresponding
solutions remain regular for all time, something strange happens around a given point (x0, t0)
in spae-time. This is the goal of the present paper.
Our main result is the onstrution of a lass of (smooth) solutions to the inompressible
NavierStokes equations suh that, in the absene of any external fores, the motion of the
uid partiles tends to be more onentrated around x0 , as the time t approahes t0 . This
orresponds preisely to the qualitative behavior that one would expet in the presene of
a singularity, even though suh onentration of the motion is not strong enough to imply
their formation.
1.1 Statement of the main result
For a uid lling the whole spae R
d
, d ≥ 2 , the NavierStokes system an be written as
∂tu+ P∇ · (u⊗ u) = ∆u
∇ · u = 0
u(x, 0) = a(x),
∗
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where u = (u1, . . . , ud) , a is a divergene-free vetor eld in R
d
and P = Id − ∇∆−1div is
the Leray-Hopf projetor.
Beause of the presene of the non-loal operator P a veloity eld that is spatially well
loalized (say, rapidly deaying as |x| → ∞) at the beginning of the evolution, in general,
will immediately spread out. A sharp desription of this phenomenon is provided by the two
estimates (2) below. In order to rule out the ase of somewhat pathologial ows (suh as two
dimensional ows with radial vortiity, or the three-dimensional ows desribed in [3℄, whih
behave quite dierently as |x| → ∞ if ompared with generi solutions), we will restrit our
attention to data satisfying the following mild non-symmetry assumption (for j, k = 1, . . . , d):
∃ j 6= k :
∫
(ajak)(x) dx 6= 0, or
∫
aj(x)
2 dx 6=
∫
ak(x)
2 dx. (1)
Then, for suiently fast deaying data, we have, for |x| ≥ C√
t
(see [4℄):
η1(t)|x|−d−1 ≤ |u(x, t)| ≤ η2(t)|x|−d−1, x|x| ∈ Sd−1\Σa , (2)
these estimates being valid during a small time interval t ∈ (0, t1) . Here C, t1 > 0 and η1
and η2 are positive funtions, independent on x , behaving like ∼ cj t as t → 0 (j = 1, 2).
Moreover, S
d−1
denotes the unit sphere in R
d
and the subset Σa of S
d−1
represents the
diretions along whih the lower bound may fail to hold: the result of [4℄ tells us that Σa an
be taken of arbitrarily small surfae measure on the sphere. In other words, the lower bound
holds true in quasi-all diretions, whereas the upper bound is valid along all diretions.
Moreover, the upper bound will hold during the whole lifetime of the strong solution u
(see [12℄, [13℄), whereas the lower bound is valid, a priori , only during a very short time
interval. The main reason for this is that the matrix (
∫
ujuk(x, t) dx) is non-invariant during
the NavierStokes evolution, in a suh way that even if the datum satises (1), it annot be
exluded that at later times the solution features some kind of reation of symmetry, yielding
to a better spatial loalization and, after t > t1 , to an improved deay as |x| → ∞ . (We refer
e.g. to [2℄, [3℄, [7℄, [8℄, for the onnetion between the symmetry and the deay of solutions).
The purpose of this paper is to show that this indeed an happen. We onstrut an
example of a solution of the NavierStokes equations, with datum a ∈ S(Rd) (the Shwartz
lass), d = 2, 3 , suh that the lower bound
|u(x, t)| ≥ η1(t)|x|−d−1, (3)
holds in some interval (0, t1) , but then brakes down at t1 , where a stronger upper bound an
be established. This means that the motion of the uid onentrates around the origin at
suh instant. Then the lower bound (3) will hold true again after t1 , until it will break down
one more at a time t2 > t1 . This diusion-onentration eet an be repeated an arbitrarily
large number of times.
More preisely, we will prove the following theorem.
Theorem 1 Let d = 2, 3 , let 0 < t1 < · · · < tN be a nite sequene and ǫ > 0 . Then there
exist a divergene-free vetor eld a ∈ S(Rd) and two sequenes (t′1, . . . , t′N ) and (t∗1, . . . , t∗N )
suh that the orresponding unique strong solution u(x, t) of the NavierStokes system sat-
ises, for all i = 1, . . . , N and all |x| large enough, the pointwise the lower bound
|u(x, t′i)| ≥ cω|x|−d−1,
2
and the stronger upper bound
|u(x, t∗i )| ≤ C|x|−d−2,
for a onstant C > 0 independent on x and a onstant cω independent on |x| , but possibly
dependent on the projetion ω = x|x| of x on the sphere, and suh that cω > 0 for a.e.
ω ∈ Sd−1 . Moreover, t′i and t∗i an be taken arbitrarily lose to ti :
|t′i − ti| < ǫ and |t∗i − ti| < ǫ, for i = 1, . . . , N .
Remark 1 The initial datum an be hosen of the form a = url(ψ) , where ψ is a linear
ombination of dilated and modulated of a single funtion (or vetor eld, if d = 3) φ ∈ S(Rd) ,
with ompatly supported Fourier transform.
Roughly speaking, our onstrution works as follows: we look for an initial datum of the
form a = url(ψ) , where
ψ(x) =
d(N+1)∑
j=1
λj δ
d/2φ(δx) cos(αj · x).
The unknown vetor α = (α1, . . . , αd(N+1)) ∈ Rd2(N+1) of all the phases αj ∈ Rd will be
assumed to belong to a suitable subspae V ⊂ Rd2(N+1) of dimension d(N + 1) in order
to ensure, a priori , some nie geometrial properties of the ow. Suh geometri properties
onsist of a kind of rotational symmetry, similar to that onsidered in [2℄, but less stringent.
In this way, the problem an be redued to the study of the zeros of the real funtion
t 7→
∫ t
0
∫
(u1u2)(x, s) dx ds.
By an analytiity argument, this in turn is redued to the study of the sign of the funtion
t 7→
∫ t
0
∫
(es∆a1e
s∆a2)(x, s) dx ds.
This last problem is nally redued to a linear system that an be solved with elementary
linear algebra.
The spatial deay at innity of the veloity eld is known to be losely related to speial
algebrai relations in terms of the moments
∫
xαurl(u)(x, t) dx of the vortiity url(u) of the
ow, see [6℄. Thus, one ould restate the theorem in an equivalent way in terms of identities
between suh moments for dierent values of α ∈ Nd , whih are satised at the time t∗i but
brake down when t = t′i .
1.2 A onentration eet of a dierent nature
The onentration-diusion eets desribed in Theorem 1 genuinely depend on the very
speial struture of the nonlinearity P∇ · (u⊗ u) , more than to the presene of the ∆u term.
Even though this result is not known for invisid ows yet, it an be expeted that a similar
property should be observed also for the Euler equation.
On the other hand, the Laplae operator, ommonly assoiated with diusion eets, an
be responsible also of onentration phenomena, of a dierent nature. For example, it an
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happen that a(x) is a non deaying (or very slowly deaying) vetor eld, but suh that
the unique strong solution u(x, t) of the NavierStokes system have a quite fast pointwise
deay as |x| → ∞ (say, ∼ |x|−d−1 ). This is typially the ase when a has rapidly inreasing
osillations in the far eld. We will disuss this issue in Setion 3. Though elementary, the
examples of ows presented in that setion have some interest, being losely related to a
problem addressed by Kato about strong solutions in Lp(Rd) when p < d , in his well known
paper [9℄.
1.3 Notations
Troughout the paper, if u = (u1, . . . , ud) is a vetor eld with omponents in a linear spae
X , we will write u ∈ X , instead of u ∈ Xd . We will adopt a similar onvention for the
tensors of the form u⊗ u . We denote with et∆ the heat semigroup.
Let B(0, 1) be the unit ball in Rd and φ ∈ S(Rd) a funtion satisfying
φ̂ ∈ C∞0 (Rd), supp φ̂ ⊂ B(0, 1), φ̂ radial, φ̂ ≥ 0,
∫
|φ̂|2 = 1/d. (4)
Our denition for the Fourier transform is φ̂(ξ) =
∫
φ(x)e−iξ·x dx . Then we set
φ̂δ(ξ) =
φ̂(ξ/δ)
δd/2
, δ > 0. (5)
Next we dene the orthogonal transformation ˜ : Rd → Rd , by
α˜ = (α2, α1), if α = (α1, α2) ∈ R2,
α˜ = (α2, α3, α1), if α = (α1, α2, α3) ∈ R3.
(6)
We dene the url(·) operator by
urlψ = (−∂2, ∂1)ψ, if ψ : R2 → R
and by
urlψ =
∂2ψ3 − ∂3ψ2∂3ψ1 − ∂1ψ3
∂1ψ2 − ∂2ψ1

if ψ : R3 → R3 .
The notation f(x, t) = Ot(|x|−α) as |x| → ∞ means that f satises, for large |x| , a bound
of the form |f(x, t)| ≤ A(t)|x|−α , for some funtion A loally bounded in R+ .
We shall make use of the usual Kroneker symbol, δj,k = 1 or 0 , if j = k or j 6= k .
2 Nonlinear onentration-diusion eets
2.1 The analytiity of the ow map
In this subsetion we reall a few well known fats.
Let B be the NavierStokes bilinear operator, dened by
B(u, v)(t) ≡ −
∫ t
0
e(t−s)∆P∇ · (u⊗ v)(s) ds.
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Then the NavierStokes equations an be written in the following integral form
u = u0 +B(u, u), u0 = e
t∆a, div(a) = 0. (7)
Even though in the sequel we will only deal with onrete funtional spaes, the prob-
lemati is better understood in an abstrat setting: we will present it as formulated in the
paper by P. Ausher and Ph. Thamithian [1℄. Let F be a Banah spae, u0 ∈ F and let
B : F × F → F be a ontinuous bilinear operator, with operator norm ‖B‖ .
Let us introdue the nonlinear operators Tk : F → F , k = 1, 2 . . . , dened through the
formulae
T1 = IdF
Tk(v) ≡
k−1∑
l=1
B(Tl(v), Tk−l(v)), k ≥ 2.
Then the following estimate holds:
‖Tk(u0)‖F ≤ C‖B‖k
−3/2(4 ‖B‖ ‖u0‖F)k.
Moreover, Tk is the restrition to the diagonal of Fk = F×· · ·×F of a k -multilinear operator
: Fk → F .
Under the smallness assumption
‖u0‖F ≤ 1/(4‖B‖), (8)
the series
Ψ(u0) ≡
∞∑
k=1
Tk(u0), (9)
is absolutely onvergent in F and its sum Ψ(u0) is a solution of the equation u = u0+B(u, u) .
Furthermore, Ψ(u0) is the only solution in the losed ball BF (0, 12‖B‖ ) . The proof of these
laims would be a straightforward appliation of the ontration mapping theorem under the
more restritive ondition ‖u0‖F < 1/(4‖B‖) . The proof of the more subtle version stated
here an be found in [1℄, [11℄.
Coming bak to NavierStokes, in the proof of Theorem 1 we will need to write the solution
of the NavierStokes system as u = Φ(a) , where
Φ(a)(t) ≡
∞∑
k=1
Tk(e
t∆a), (10)
the series being absolutely onvergent in C([0,∞), L2(Rd)) . There are several ways to ahieve
this, and one of the simplest (whih goes through in all dimension d ≥ 2) is the following: we
hoose F as the spae of all funtions f in C([0,∞), L2(Rd)) , suh that ‖f‖F <∞ , where
‖f‖F ≡ ess supx,t(1 + |x|)d+1|f(x, t)| + ess supx,t(1 + t)(d+1)/2|f(x, t)|. (11)
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The biontinuity of the bilinear operator B is easily proved in this spae F (see [12℄). Indeed,
one an prove this only using the well known saling relations and pointwise estimates on the
kernel F (x, t) of the operator et∆Pdiv:
F (x, t) = t−(d+1)/2F (x/
√
t, 1), |F (x, 1)| ≤ C(1 + |x|)−d−1.
We an onlude that there is a onstant ηd > 0 , depending only on d , suh that if
‖et∆a‖F < ηd (12)
then there is a solution u = Φ(a) ∈ F of the NavierStokes equations suh that the se-
ries (10) is absolutely onvergent in the F -norm. The absolute onvergene of suh series
in C([0,∞), L2(Rd)) is then straightforward under the smallness assumption (12).
The niteness of ‖et∆a‖F an be ensured, e.g. by the two onditions
∫ |a(x)|(1+ |x|) dx <
∞ and ess supx∈Rd(1 + |x|)d+1|a(x)| <∞ . The smallness ondition (12) ould be be slightly
relaxed, see [4℄.
2.2 The onstrution of the initial datum
This setion devoted to a onstrutive proof of the following Lemma.
Lemma 1 Let d = 2, 3 , and ǫ > 0 . Let also N ∈ N and 0 < t1 < · · · < tN be a nite
sequene. Then there exists a divergene-free vetor eld a = (a1, . . . , ad) ∈ S(Rd) , suh that
a˜(x) = a(x˜), x ∈ Rd (13)
(see Setion 1.3 for the notations) and suh that the funtion E(a)(t) : R+ → R , dened by
E(a)(t) ≡ −
∫ t
0
∫
es∆a1(x) e
s∆a2(x) dx ds, (14)
hanges sign inside (ti − ǫ, ti + ǫ) , for i = 1, . . . , N .
Proof. It is onvenient to separate the two and three-dimensional ases
The ase d = 2 . We start setting, for eah α ∈ R2 ,
ψ̂α(ξ) ≡ φ̂(ξ − α) + φ̂(ξ + α)− φ̂(ξ − α˜)− φ̂(ξ + α˜), (15)
for some φ ∈ S(R2) satisfying onditions (4). Next we introdue the divergene-free vetor
eld aα(x) , through the relation
âα(ξ) =
(−iξ2ψ̂α(ξ)
iξ1ψ̂α(ξ)
)
. (16)
Note that aα ∈ S(R2) is real-valued (beause ψ̂α is real-valued and suh that ψ̂α(ξ) =
ψ̂α(−ξ)) and satises the fundamental symmetry ondition
a˜α(x) = aα(x˜). (17)
Next we dene ψ̂δ , aδα as before, by simply replaing φ̂ with φ̂
δ
in the orresponding deni-
tions. The vetor elds aδα will be our building bloks of our initial datum.
6
Applying the Planherel theorem to the right-hand side of (14) and using the symmetry
relations ψ̂α(ξ) = ψ̂α(−ξ) , |ψ̂α(ξ)| = |ψ̂α(ξ˜)| , we get
E(aα)(t) =
∫
(1− e−2t|ξ|2) ξ1ξ2
2|ξ|2 |ψ̂α(ξ)|
2 dξ
= 2
∫
ξ1≥|ξ2|
(1− e−2t|ξ|2)ξ1ξ2|ξ|2 |ψ̂α(ξ)|
2 dξ.
(18)
From now on, the omponents of α ∈ R2 will be assumed to satisfy the following onditions{
α1 > |α2|
α2 6= 0.
(19)
This guarantees that for a suiently small δ > 0 (i.e. when α1 > |α2|+ δ
√
2), we have
E(aδα)(t) = 2
∫
(1− e−2t|ξ|2)ξ1ξ2|ξ|2 |φ̂
δ(ξ − α)|2 dξ. (20)
If we set
Eappα (t) ≡
(
1− e−2t|α|2)α1α2|α|2 (21)
then we immediately obtain
E(aδα)(t)→ Eappα (t), as δ → 0
uniformly with respet to t ≥ 0 .
We now assoiate to (t1, . . . , tN ) two more sequenes (to be hosen later) (λ1, . . . , λN+1) ∈
R
N+1
+ and (α1, . . . , αN+1) ∈ R2(N+1) , where αj = (αj,1, αj,2) . First we require that the
omponents αj,1 and αj,2 satisfy ondition (19) for all j = 1, . . . , N + 1 and that αj 6= αj′ ,
for j 6= j′ and j, j′ = 1, . . . , N +1 . This seond requirement ensures that the supports of âδαj
and âδαj′ are disjoint when δ is suiently small.
We now onsider the initial data of the form
aδ(x) ≡
N+1∑
j=1
λja
δ
αj (x). (22)
Owing to the ondition on the supports of âδαj , we see that for δ > 0 small enough,
E(aδ)(t) =
N+1∑
j=1
λ2jE(a
δ
αj )(t). (23)
Let
µj =
λ2j αj,1 αj,2
|αj |2 and Aj = e
−2|αj |2 . (24)
Thus, as δ → 0 , we get E(aδ)(t)→ Eapp(t) , uniformly in [0,∞) , where
Eapp(t) =
N+1∑
j=1
µj
(
1−Atj
)
. (25)
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Let us observe that
dEapp
dt
(t) = −
N+1∑
j=1
µj log(Aj)A
t
j . (26)
We want to determine (λ1, . . . , λN+1) and (α1, . . . , αN+1) in a suh way that E
app(t) vanishes
at t1, . . . , tN , and hanging sign at those points. This leads us to study the system of N
equalities and N `non-equalities',
Eapp(ti) = 0
dEapp
dt
(ti) 6= 0.
i = 1, . . . , N. (27)
Let us hoose |αj |2 = γj , for an arbitrary γ > 0 (this hoie is not essential, but will
greatly simplify the alulations) and set Ti = e
−2γti
. Realling (24), we get Atij = T
j
i and
log(Aj) = −2γj . In order to study the system (27), we introdue the (N + 1)2 -matrix
M :=

1− T1 1− T 21 · · · 1− TN+11
.
.
.
.
.
.
.
.
.
1− TN 1− T 2N · · · 1− TN+1N
T1 2T
2
1 · · · (N + 1)TN+11
 (28)
We laim that detM 6= 0 . Indeed, by an expliit omputation,
det(M) = −T1 (1− T1)
N∏
i=1
(1− Ti)
N∏
i=2
(T1 − Ti)
∏
1≤i<i′≤N
(Ti′ − Ti).
Realling that Ti = e
−2γti ∈ (0, 1) and that ti 6= ti′ proves our laim. The above formula an
be heked by indution. Otherwise, one an redue M after elementary fatorizations to a
Vandermonde-type matrix (see [10℄ for expliit formulae on determinants).
Then, for any c 6= 0 , the linear system with unknown µ = (µ1, . . . , µN+1) ,
Mµ =

0
.
.
.
0
c
 (29)
has a unique solution µ∗ ∈ RN+1 , µ∗ 6= 0 . By our onstrution, the funtion Eapp(t) ob-
tained taking µ = µ∗ satises the N -equations and the rst `non-equality' of the system (27).
More preisely, we get (d/dt)Eapp(t1) = c/(2γ) 6= 0 . The other N − 1 `non-equalities' of the
system (27) are then automatially fullled. Indeed if, otherwise, we had (d/dt)Eapp(ti) = 0 ,
for some i = 2, . . . , N , then the matrix obtained replaing in (28) the last line with
Ti 2T
2
i · · · (N + 1)TN+1i
would have been of determinant zero, thus ontrediting our preeding formula for det(M) .
By onditions (24), for all j = 1, . . . , N + 1 , the real number µ∗j denes (in a non-
unique way) a real λ∗j and a vetor (α
∗
j,1, α
∗
j,2) with omponents satisfying (19), suh that
(λ1, . . . , λN+1) 6= (0, . . . , 0) .
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We now onsider the initial data aδ∗ obtained from formula (22), hoosing λj = λ∗j and
αj = α
∗
j for j = 1, . . . , N + 1 . With this hoie, the orresponding funtion E
app(t) hanges
sign in eah neighborhood of ti .
By the uniform onvergene of E(aδ∗)(t) to Eapp(t) as δ → 0 , we see that if δ > 0 is small
enough then E(aδ∗) hanges sign in the interval (ti − ǫ, ti + ǫ) , for i = 1, . . . , N .
The onlusion of Lemma 1 in the two dimensional ase now follows.
The ase d = 3. We only indiate the modiations that have to be done to the above
arguments. Let us set, for α ∈ R3 ,
âα(ξ) =
(iξ2 − iξ3)ψ̂α(ξ)(iξ3 − iξ1)ψ̂α(ξ)
(iξ1 − iξ2)ψ̂α(ξ)
 (30)
where ψ is dened by
ψ̂α(ξ) =φ̂(ξ − α) + φ̂(ξ − α˜) + φ̂(ξ − ˜˜α)
+ φ̂(ξ + α) + φ̂(ξ + α˜) + φ̂(ξ + ˜˜α).
In this way, a ∈ S(R3) is a real valued divergene-free vetor eld with the rotational sym-
metry (13). As before, we an dene also the resaled vetor eld aδ , for any δ > 0 .
The onditions to be imposed on the omponents of α = (α1, α2, α3) are now
min(α2, α3) > α
+
1 , α2 6= α3, (31)
where α+1 = max(α1, 0) . Geometrially, the inequality in (31) orresponds to utting R
3
into
six ongruent regions, that an be obtained from eah other through the orthogonal transforms
α 7→ α˜ and α 7→ −α , and then seleting one of these regions. If δ > 0 is small enough, in a
suh way that α + B(0, δ) is ontained in the region Γ ⊂ R3 dened by (31), then we get,
realling the denition (14) of E(aα) , the three-dimensional ounterpart of (20):
E(aα)(t) = 3
∫
(1− e−2t|ξ|2)(ξ1 − ξ3)(ξ2 − ξ3)|ξ|2 |φ̂
δ(ξ − α)|2 dξ.
(Here one rst applies Planherel Theorem, then the integral over ξ ∈ R3 is rewritten, beause
of the symmetries of âα , as 6
∫
Γ . . . dξ ). We have, for all t ≥ 0 and as δ → 0 ,
E(aδα)(t)→ Eappα (t) ≡ (1− e−2t|α|
2
)
(α1 − α3)(α2 − α3)
|α|2 .
For αj = (αj,1, αj,2, αj,3) ∈ R3 , j = 1, . . . , N + 1 , with omponents satisfying (31), we now
set
µj =
λ2j (αj,1 − αj,3)(αj,2 − αj,3)
|αj |2 . (32)
As in the two-dimensional ase, it is possible to hoose the phases αj in a suh way that
|αj |2 = γj , where γ > 0 is arbitrary. This leaves unhanged the denitions of Aj and Ti .
Now solving, as before, the linear system (29), shows that it is possible to onstrut an
initial datum of the form
aδ =
N+1∑
j=1
λja
δ
αj ,
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suh that E(a)(t) has a non-onstant sign inside the intervals (ti− ǫ, ti+ ǫ) , for i = 1, . . . , N .
Lemma 1 is now established.

2.3 End of the proof of Theorem 1
We are now in position to dedue from Lemma 1 and the fats realled in Setion 2.1 the
onlusion of Theorem 1.
Step 1. Construting a solution suh that t 7→ ∫ t0∫ u1u2(x, s) dx ds hanges sign near t1 ,
t2 ,. . . ,tN .
Let us onsider the initial datum a onstruted in Lemma 1. If neessary, we modify a by
multipliying it by a small onstant η0 > 0 in order to ensure that the orresponding solution u
of the NavierStokes system is dened globally in time. Without loss of generality, we an
and do assume η0 = 1 .
With the same notation of Setion 2.1, let K(a) : R+ → Rd×d ,
K(a)(t) ≡
∫ t
0
∫ (
Φ(a)⊗Φ(a))(x, s) dx ds. (33)
Let F be the spae dened in Setion 2.1, and normed by (11). For η > 0 small enough we
an write, by expansion (10),
K(η a)(t) =
∞∑
k=2
ηk Sk(e
t∆a)(t) (34)
where Sk : F → Rd×d is the restrition to the diagonal of Fk = F×· · ·×F of a k -multilinear
operator dened from Fk to Rd×d .
The embedding of F ⊂ C([0,∞), L2(Rd)) implies that, for all t > 0 , the series in (34) is
absolutely onvergent. But,
S2(e
t∆a)(t) =
∫ t
0
∫ (
es∆a⊗ es∆a)(x, s) dx ds,
so that, aording to the notations of Lemma 1,(
S2(a)
)
1,2
(t) = −E(a)(t).
For any time t suh that E(a)(t) > 0 (respetively, E(a)(t) < 0), we an nd a small ηt > 0
suh that the solution Φ(η a) of the NavierStokes system starting from η a satises, for all
0 < η < ηt ,
K(η a)1,2(t) < 0, (respetively, K(η a)1,2(t) > 0).
By Lemma 1, this observation an be applied for t belonging to two suitable nite sequenes
of times (that an be taken arbitrarily lose to (t1, . . . , tN ) in the R
N
-norm). We onlude
that if η > 0 is small enough then K(η a)1,2(t) hanges sign in (ti−ǫ, ti+ǫ) , for i = 1, . . . , N .
In partiular, beause of the ontinuity of the map t 7→ K(η a)(t) , there is a point t∗i inside
eah one of these intervals where K(η a)1,2(t
∗
i ) = 0 .
Step 2. Analysis of the orthogonality relations
∫ t
0
∫
(ujuk)(x, s) dx ds = c(t)δj,k .
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Let u = Φ(η a) be the solution onstruted in the rst step. Notie that u˜(x, t) = u(x˜, t) for
all t ≥ 0 , i.e., the ondition a˜(x) = a(x˜) propagates during the evolution. Indeed, this is
simple onsequene of the invariane of the NavierStokes equations under the tranformations
of the orthogonal group O(d) and the uniqueness of strong solutions. Thus,
∫
u21 dx =∫
u22 dx . When d = 3 , suh integrals equal, of ourse,
∫
u23 dx , and we have also
∫
u1u2 dx =∫
u2u3 dx =
∫
u3u1 dx . We dedue that, for all t ≥ 0 (we denote here by I the d× d identity
matrix):
∃ c(t) : K(η a)(t) = c(t)I if and only if K(η a)1,2(t) = 0. (35)
(This equivalene is no longer valid for d ≥ 4 . For a proof of the theorem in the higher
dimensional ase one should onsider ows invariant under larger disrete subgroups of O(d)).
Step 3. The far-eld asymptotis of the veloity eld.
By the result of [4℄ (see Theorem 1.2 or Theorem 1.7, applied in the partiular ase of the
datum η a ∈ S(Rd)) we know that, for all t > 0 ,
u(x, t) = ∇xΠ(x, t) +Ot(|x|−d−2), as |x| → ∞ , (36)
where,
Π(x, t) = γd
∑
h,k
(
δh,k
d|x|d −
xhxk
|x|d+2
)
·K(η a)h,k(t) (37)
and γd 6= 0 is a onstant.
Conerning the rst term ∇xΠ on the right-hand side of (36), for eah xed t > 0 two
situations an our. Either the funtion x 7→ ∇xΠ(x, t) is identially zero, or this funtion
is homogeneous of degree exatly −d− 1 . But, for all xed t > 0 (see [4℄, Proposition 1.6),
∇xΠ(·, t) ≡ 0 if and only if ∃ c(t) ∈ R : K(η a)h,k(t) = c(t)δh,k. (38)
Combining onditions (35)-(38) with the asymptoti prole (36), we dedue from the
analysis we made in Step 1, the upper bound
|u(x, t∗i )| ≤ C|x|−d−2, i = 1, . . . , N
and the lower bound,
|uj(x, t′i)| ≥ cω|x|−d−1, i = 1, . . . , N , j = 1, . . . , d,
for all |x| large enough and some points t′i distant less than ǫ from ti . Here, C > 0 is
independent on x and cω is independent on |x| , but will depend on the projetion ω = x|x|
of x on the sphere Sd−1 . In fat, we an take cω > 0 , unless ∂xjΠ(ω, t
′
i) has a zero at the
point ω ∈ Sd−1 . But one dedues from (37) that the zeros of ∂xjΠ(ω, t′i) are exatly the
zeros on the unit sphere of a homogeneous polynomial of degree three. Therefore, cω > 0 for
almost every ω ∈ Sd−1 .
Theorem 1 is now established.

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2.4 Expliit examples
Let us exhibit an expliit example of our onstrution, in the simplest ase N = 1 . We set,
for d = 2 , and a funtion φ satisfying onditions (4),
a(x) = η
(−∂2
∂1
)[
φδ(x)
(√
3 cos(
√
3x1 + x2)−
√
3 cos(x1 +
√
3x2)
+
√
2 cos(
√
6x1 −
√
2x2)−
√
2 cos(−
√
2x1 +
√
6x2)
)]
.
This expression is obtained taking, in Lemma 1, T1 =
1
2 , α1 = (
√
3, 1) , α2 = (
√
6,−√2) and
γ = 4 , and observing that λ21 =
3
2λ
2
2 . If |η| and δ are positive and small enough, then the
solution u(x, t) of NavierStokes starting from a onentrates/diuses when t ≃ 18 log(2) .
Three-dimensional examples are obtained in a very similar way: hoose again T1 =
1
2 ,
next α1 = (0, 1,
√
3) , α2 = (0,
√
6,
√
2) . The relation between the oeients λ1 and λ2 is
now λ21 =
√
3
2 λ
2
2 . This leads us to introdue the funtion
f δ(x) ≡ φδ(x)
[
31/4
(
cos(x2 +
√
3x3) + cos(x1 +
√
3x2) + cos(
√
3x1 + x3)
)
+
√
2
(
cos(
√
6x2 +
√
2x3) + cos(
√
6x1 +
√
2x2) + cos(
√
2x1 +
√
6x3)
)]
,
(39a)
where δ > 0 and φ satises onditions (4). If a is the vetor eld
a = η curl(f δ, f δ, f δ), (39b)
with |η|, δ > 0 small enough, then the solution arising from a onentrates/diuses, as before,
around t ≃ 18 log(2) .
Remark 2 The smallness of η was important for the appliability of our analytiity argu-
ment. However, it would be interesting to know whether three-dimensional data as those
onstruted in (39a)-(39b), with large oeients η , still feature some kind of onentration
eets in nite time.
3 Linear onentration-diusion eets
In this setion we would like to give an elementary example of a NavierStokes ow featuring
a onentration eet of a quite dierent nature. A similar eet an be observed if we replae
the NavierStokes nonlinearity by a more general term (not neessarily quadrati). Let us
fous, for example, on the three-dimensional ase.
Consider the two initial data in R
3
(here η 6= 0 is a onstant)
a˙(x) = η
(
−∂2
[
log(e+ |x|2)−1] , ∂1[log(e+ |x|2)−1] , 0) (40)
and
a(x) = a˙(x) sin(|x|2). (41)
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In both ases, a diret omputation shows that suh data are divergene-free and belong to
L3(R3) , but not to Lp(R3) for 1 ≤ p < 3 .
In his well-known paper [9℄, Kato ould obtain, for a solution u of the NavierStokes
system emanating from a , loal and global results implying u(t) ∈ Lq(R3) for t > 0 , with
q ≥ 3 , under the assumption a ∈ L3(R3) . He also obtained results implying u(t) ∈ Lp ∩
Lq(R3) , always for q ≥ 3 , under the stronger assumption a ∈ Lp ∩ L3(R3) , with 1 ≤ p < 3 .
Immediately after stating his theorems, Kato observed the following
Remark 3 (see [9℄) The spatial deay expressed by the property u(t) ∈ Lq(R3) is of
interest. Note that q is restrited to q ≥ 3 . We were able to give no results for q < 3 under
the [only℄ assumption a ∈ L3(R3).
The solutions arising from the data a˙ and a (both uniquely dened in C([0, T ), L3(R3)) ,
for some 0 < T ≤ ∞ a priori depending on η ) show that when one assumes only a ∈ L3(R3)
then everything an happen. Indeed, it is not diult to prove the following laims:
1. The solution u(t) arising from the datum a˙ does not belong to Lq(R3) , for any t ∈ (0, T )
and any q ∈ [1, 3) .
2. The solution u(t) arising from the datum a does belong to Lq(R3) for all t ∈ (0, T ) and
all q ∈ [1, 3) .
Therefore, in the latter ase, the solution enjoys some kind of spatial onentration eet.
However this eet does not rely on speial geometri features of the ow, but only on the
osillatory harater of a .
The rst laim is immediate, beause whenever |a(x)| ≤ C(1 + |x|)−1 and |∇a(x)| ≤
C(1 + |x|)−2 , then arguing as in [5, Se. 4℄ one obtains for t > 0 an estimate of the form
|et∆a(x)−a(x)| ≤ C(t)(1+ |x|)−2 . Then, from the equation u = et∆a+B(u, u) (the notation
is as in Setion 2.1), the estimate |u(x, t)−a(x)| ≤ C¯(t)(1+ |x|)−2 . Applying this observation
to a˙ yields the onlusion.
Let us sketh the proof of our seond laim. The faster and faster osillations of a imply
that, for t > 0 and |x| large enough,
|et∆a(x)| ≤ Cm(t)|x|−m−1 log−2 |x|, m = 0, 1, 2 . . .
where the funtions Cm(t) are loally bounded in (0,∞) and satisfy Cm(t) ∼ t−m/2 as t→ 0 .
In partiular, ‖et∆a‖3/2 ≤ C1(t) . Let us iterate the integral NavierStokes equation:
u(t) = et∆a+B(et∆a, et∆a) + 2B(et∆a,B(u, u)) +B(B(u, u), B(u, u)). (42)
Now applying elementary Hölder and Young inequalities in the right-hand side of (42) (we an
freely use here that ‖u(t)‖3 is bounded in (0, T )), we get, for all t ∈ (0, T ) , ‖u(t)‖1 ≤ C(t)
with C(t) ∼ t−1 as t → 0 . By interpolation one obtains that u(t) ∈ Lq(R3) in (0, T ) for
1 ≤ p < 3 , with an estimate on the blow-up of the Lq -norm as t→ 0 .
Let us observe that for 0 < t < T , even though u(t) deays pointwise muh faster than a ,
as |x| → ∞ , the deay of u(t) does not exeed that of |x|−4 , aordingly with the limitations
on the spatial loalization desribed in the introdution.
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